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'HI LOSOPHlChL TRANSACTIONS. 


B y  G. I. ' l ' l ~ ~ ~ i ~ r , ,ilJ.Ll. ,  A'chtlst~rReader. in Dyiaan~iculiifeteo.rolog?j. 

I / o n ~ r n ~ ~ ~ i c a t e d  ~SC. 	 the JIeteorologicalby 571. N. S n ~ m ,  	D.,F.B.S., Di?-ecto?- of 
Ofice. 

ltcccived April 2,-Read Mity 7 ,  1914. 

Ouit knowleclge of ~ ~ i n t l  the atmosphere has so far been corlfiried to the eddies ill 
observatiol~r; of meteorologists and aviators. The trea,tinent of eddy motion in 
either incoil~pressiblc:o l a  comprcssibls Huids by rrlenns of mathematics has always 
Leer) regardcd as a prwblol31 of great clifEculty, but this appears to be because 
attention llas chicfly becn clirectecl to the behaviolar of eddies consideretl as indi- 

vitluals ra~, l~er  tltarr to the averaage effect of a collection of eddies. The difference 
between these two aspccta of the qlxestion resembles the digerenee between t11a 
corlsitlerrttion of the action of nlolpcule on ~rlolectile in the clynamical theory of gases, 
and the consider:ztion of' the ttveragc effect, on the properties of a gas, of the motion 

of its inolecules. 
It 133s been knowrl for a long tirrie that  the retarding effect of the surface of 

the earth on tlie velocity o f  tlie wind must be due, in sorne way, to eddy motion ; 
but apparently no one has irlvestigated the question of whether any known type 
of eddy motlg~n is capable of producing the distribution of wind velocity which h n ~  
been observed by nleteorologists, ant1 no calculations have been made to find out 
ho~v11111~11edcly i110tion is necessary in order to account for this clistribution. The 
present paper deals -with the effsct of n systeni of eddies on the velocity of the 
wind and on the temperature and humidily of the atmosphere. In  a future paper 
the way in which they are producecl and their stability when formed will be 
considered. 

It is well kno~vn that  winti velocity, temperature, and humidiky vary much 
more rapiclly in a vertical than in any horizontal direction, and further that the 
vertical coxliponerlt ot' wind velocity is very small compared with the horizontal 
1-elocity. It has been assumed, therefore, that  the average condition of the air 
a t  ;my tirne is constant for a given height, over an area which is large compared 
wiih the rriasilriunn 'cleight considered. If u arid v represent the components of 

undisturbed wind velocity parallel to horizontal axes, x and y, running from South 
~ 0 1 ~ .  323. 	 [P~~bliahed 21, 1915CCX\'.-11 E 	 Jc~nunr~  
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2 Cl. I. TAYLOR ON E1)L)Y PIIOTION IN THE ATRIOSPIIEKE!. 

to North and from West to  East respectively, and if T ant3 112. rcprescllt the 
average temperature and the average arrlouilt of water vaponr per cuhic centimetre 
of air, this is equi~~alentto assuming tlint 2 4  q 9 ,  T, an11 171 are f~~r~c t ionss,of the 
hcight, 2nd t ,  tlie tixnc ; ant1 that  they n1.o indeper!iierlL of x niitl. !,. 

Let us first consider the propagztion of' heat in a vertical direciiorl. The ordir1a1.y 

cor~duclivity of heat by inolecular agitation is so sinall that no sensible error will 
be introducecl by leaving it out of tlte r;iIcnl:itions. Tile only way in which 
large quantities of heat car) be conroyed upwar& or dotvr~svarrls tlirough the 
atmosp'r~ere is hy illearls of a vertical tr;xnsference of air wlrich retains its heat as 
i t  passes into rcgiorls whrre the t en r - f~c ra t~~re  the layer fronl cliffe~rs from that  of 
which it started. If T' arid w' represent the ternperatnrc: and tlle vertical coml~ouerlt 
of the velocity of the air a t  any point, tlte rate a t  ~~~l.lrich isheat propagated 

across any liorieontal area is JJ ,,~T'zs'iir dy wllere p and o art) t l ~ e  rle~isity and 

specific heat I-espectively, and the integml is talien over the area in question. 

Since there is no I-ertical no ti oil of tlie air as a hole il ,m' clrc (7y = 0. IFence, in 

order tht-tt heat may be conveyed clownwartls, the air a t  ally level mlist be hotter 
in a dox-i~ward than in an upwarJ current. In  order that  this may be the case 
the potential Lcnrperature "f the air lriust increase upwards. Tlle excess of 
teinperature in a ilow11wnrd current over aL any lerel will the rnearl te~t~perat-c~re 
depeucl partly on the I-ertical clistance through svhicl~ the air has travelled since 
it  was a t  the same teinperature as its slur~oundirigs, and partly oil the rate of 
change i11 pote~~t ia lteinperature with height. If' the  liot air, zxf'ier crocsing thc 
l~orizo~ltalarea, continues on its downward course with unclii~tinished velocity anti 
without losing heat, and if the mean potvntial temperature continues to decrease 
dowriwar3s, the rate of transulission of heat across a Ilorizontal area n7ill continually 
increase. On the other hand, if the air returns across the area avitllout losing its 
heat, there will be no resu1t:ult transmission of' Ileat :it :ill. The air ~i lust  lose its 
Iteat by mixture with surrounding air after crossi~ig t l ~ tarea. 

Consicier nosv the tratlsference of heat across a large !lorizonlal area A a t  a 
height x. Suppose that  a t  a iirne toan ecldy hrokc anray from the surrouncling air 
a t  height z, and arrived a t  the point xyz a t  time t ;  z, and to are then functions 
of' x,y, z, and t. Suppose that initially the eddy hacl the same temperature as its 
surro~.uldings. Let  8 ( z ,  t )  b~ the average pote~ltial telnperature of the air in tho 
layer a t  lleight z a t  time t ;  the11 since thu air preser.\es the potenti:il tc~nperature 

*- I'otellti;il temperature is tlrc temperature dir ~ ~ r , : i i l ( l; iss~uuc,if ; i s  volunie werc cl~~ingccladiabatically 
till it was a t  sonlc standard pressure, say 760 mnl. 
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of the layer froni mhicli i t  originated, the potential temperature at the point xyz 
a t  time t is 6 (z,,to) .  

The amount of' heat whicli passes per second across the area A is therefore 

p a  jjp0 (2,to) dx dy. Now 0 (z,,  t o )  may be expressed in the form 

provided that  the changes in 8 in the height 2-z,  and in the time t - t ,  are small 
compared with 6. Renlce 

Now to-t  is necessarily negative, and since J jw d r  dy = 0 i t  is evident that  a 
A 

positive value of w occurs as often as a negative one ; hence if the eddy motion is 
* -

uniforlgly distributed Jj  w ( t o - t )  dx dy = 0. 
A 

The rate a t  which heat crosses the plane is therefore 

-PT a~ jjA 
w ( z - q )  dx dy. 

The rate a t  which heat crosses an area A a t  height z t Sz is 

(- - g ~ z jjJ ,tu (2-5,) dsdy for 55, w (2-2,) dx dy 
a 

does not vary with z if the eddy motion is uniformly distributed. IIerlce the rate 
a t  which heat enters the volume A S z  is 

p o  az2 8% JJ 
a 

LC. ( z - z O )  dx dy. 

Now since mixtures which take place within this volume merely alter the 
distribution of the heat contained in i t  without affecting its amouat, this must be 

equal to pv 
ao  
-A&. Hence we obtain the equation for the propagation of heat by 
at 

a8  a 2 0 imeans of eddies in the form 
at 
-= --a z q  - j! w ( z - z O )  115 dg. But $ I I A t u  ( z - z o )  dx d y  

is the average value of' w (2-2,) over a horizontal area, hence i t  may be expressed 
in the form 4-(ad),where d is the average height through which an eddy moves 
from the layer a t  which it  was a t  the same temperature as its surroundings, to 
the layer with which i t  mixes. TO is defirieci by the relation 4(ad)= aceragc 
value of w (2-2,) over a horizontal plane; it  roughly represents the average 

B 2 
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vertical tlelocity of the air irl places wlrcre it  is mo-virlg upwards. Tlre divisor 2 
is inserted because tlie air a t  any given point is equally likcly "Lo i )o in any portion 
of the paill of an eddy, so that  the avemgo value of' z----?,,sho~xltli ~ c :  approxiinntely 
equal to 4 (d). 

The equatiorl fbr the propagation of lleat by means of etiriies nlny rion bc ~vriiter! 

'The equation for the propagation of heat in :L solid of coefiicient of conductivity K ,  

specific heat cr and density p is 

T t  appears therefore that  potential temperature is transnlitted upxards through the 
atmosphere by means of eddies in the same way that temperature is transmitted in 
a solid of conductivity K, provided K / ~ T  = l@d.  W e  shall in future call K the " eddy 
conductivity " of the atmosphere. 

If we know the temperature distribution a t  nngr time (say t = o), anti if we know 
the subsequent changes of teinperature a t  tiie base oi" the atlnoslsliere we curl calculate, 
on the assumption of a uniform value for ,q'pc, the temperature clistribution a t  any 
suhsequeot time. Conversely, if the temperature distrik~ution oil two occasions be 
known, and if we know the tei~perature of the bme 01the ntmospllere a t  all inter- 

mediate times, we can obtain some illformation about the coeliicient of eddy 
conductivity, anti hence about the eddies tkiemse1vi:s. 

I was fortunate enough to  be able to obtain the necessary data on board .the 

ice-scout ship " Scotia" in the North Atlnr~tic last year. OIL s e ~ e r a l  occasions 
the distributiorl of temperature i r ~height n-as determine:] by Inearls of kites. The 
temperature changes expericlnced by the l:~west layer of t h e  air as it moved np to the 
position where its temperature dis-tribut;o:l n-as explored by means of a kite, were 
fbund ill the following way. rI1 he path of tllcl air explorecl in the kite ascent was tmcecl 
bacli through successive steps on a chart by ~ t ~ e a ~ l sof observations of .r\-indvelocity 
ant1 direction tsken 011 board English, Gcnnan, etiid Llarrisll vessels, ~vilich liappcile(i to 
Lc near the position occupieci the air a t  s.a~*ioubiiuies previoue i o  the kite ascent. 
This inetllod was atlopt~ct by XHAW aritl Elcirr~rn:~<l;~r their work or1 the 'Lifeill 
History of Surface Air Currents.' It dt?l)ealds fu;. :;uccess o r 1  able to  obl:zinl ~ c i i ~ g  
oitser~ationsin the right spot a t  the rigllt time. k t  freciuently happer~s that no such 
olriservations are obtainable, and in these eases it is in~possible to proceed svith the 
iur~estigation. Owing to this difficulty 1was unable to trace the air palhs for more 
ttlarl seT;en of the ascents. 
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Raving obtained the path of the air, the next step is to find the temperature of the 
sea belov~ it. This is s comparatively easy matter, for a careful .cvatch is kept 13-y the 
liners on the tcrnperat~zre of the North Atlantic. The results of their observations :are 
plotted by the hfeteorological Office on weekly charts, on which isotlleri~lal lines are 
drawn t o  represent sea temperatures of 80" F., 70" F.,60" F., 50" F., and 40" F. These 
cilarts are published on a small scale in the weekly weather reporl of the Meteorological 
OBce, but Captain Cainpbell Hep~vorth was kind enough to lend me the originals, and 
on them I plotted the air paths. 

One of the charts, with the air's path rnarlcetl on it, is shown in fig. I.* 
It has been found that the temperature of the air rarely cliffers froin that  of the 

surface of the sea by more than 2" C., a11d usually the diklerence is only a fraction of 

Path of air nrirl sea ten~perature for kite ascent of Angnst 9th. 


Fig. 1. 


o degree. The te~nporature of the base of the atmosphere a t  any point along the 
air's p:tth has, therefore, beer1 assurned t o  be that of the surface of the sari. 11)many 
of the kite asce~lts the tcmperature of the sea, and. therefore of the surftrce air, 
iilcreasecl up to :t certain point along the air's path and tllell begtin to decrease. 
Wllile the air was moving along the first part of the path its temperature might be 
rxpecteil to decrr:tau with height a t  a mte greater than the ntliabatic rate:/- VViie11 

" Others are rep~*ocluced in the 'Report of the ('Scotia " Bxp~dition.1 913.' 
f If the te~npcsat~useof tile air tiiminishes a t  the adiabatic rate of 10"0. per Irilometre, its potential 

temperature is constztnt, so that  no amo~mt  of eddy motion can transfer heat either upwards or 
downrn;~rds. 
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the air entered tlie portion of the path aloiig tvl~ich temperature was diminishing 
i t  rnigllt be expected that thc cooling eEect of the sea would not spread upwards 
instantaneously, but that  it would make its way gradtlally into the upper layers. 
W e  might expect, therefore, tliat, if' a kite merz to  he sent up into the air as it  was 
passing over the second part of its path, the temperature would increase up to  a 
certain height; and that,  above that  height, i t  woulcl llave the temperature gracliezit 
which it  had acquired during its passage along the first portion of its path. 

If a curve be dr:tmn t o  represent the tenlperature of the atmosphere a t  different 
heights a change from heating to cooling along the air's path will give rise to a 
corresporldirig bend ill this curve. The height of this bend above the surface of the 
carth will depend partly on the interval which elapsed between the tirrle when the air 
mas passing over the portion of the path where heating stopped arid cooling began 

- F 

and the time of the asceiit, and partly on the eddy conductivity of the atmosphere. 
If  we lirlow two of these quantities Tve should be able t o  calculate the third. 

On the right hand side of fig. 2 is shown the temperature distribution at various 
heights from the surface up to 1100 metres in the case of the air which liad blown 
along the pat11 drawn on the chart shown in fig. I. It -will be seen that there are 
two bends in the curve. The lowest portion fi.oxn the surface up to  370 metres 
evidently corresponds with the cooling of the lowest strata of the atmosphere which 
had been going on ever since the air turried back from the warm water of the Atlaritic 
towards the cold water of the Great Bank of Nemfoundland. 

The air explored in the ascent of August 4th turned towards the west a t  8 a.m. on 
August 3rd and continued blowing on to colder and  colder \vater. till the time of the 
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ascent, 8 p.m., August 4th. It appears, therefore, tha t  the cooling had extended 
upwarcls tlirough a height of 370 metres in 36 hours. An arrow has been drawn on 
the base line to represent tlie ternperature of the sea which, as we shoulcl expect, is 
sliglltly less than the temperature of the  sir  which is being cooled by it. The portion 
of the temperature curve of fig,2 which lies between 370 metres and 770 metres is 
due to the \varmiilg wliich the air had unclergone between the evening of Ju ly  30th 
and 8 a.m., August 3rd.. The portion of the curve above 770 metres to  1%-hich the  
warming of July 30th to August 3rd lracl not yet reached, is due to the cooling which 
the air experienced as i t  blew off the warin land of Canada on to  the cold Arctic water 
which runs down the coast of Labrador. 

The curve on the left, hand of fig. 2 represents the humidity of the atmosphere a t  
different Ileights. It is reproducetl here for two reasons, firstly, the extrenie dryness of 
the air a t  1100 metres (tlie humidity being only 20 per cent.) sho-cvs tha t  the air really 
Iiad I)lown off the land as is S ~ I O T ~ I I011 the chart in fig. I ; and, secoudly, because i t  
shorn-s t ha t  changes in the ainourit of water vapour in the atniosphere are propagated 
upwards in the same way as changes in temperature. Belids in the humidity curve 
occur a t  the same heigllts as bencls in the temperature curve. This is in fact to be 

expected, for i t  is evident thz~t  the reasoning which was used to deduce the equation 
a?)%

( I )  ~ ~ ~ o u l dserre equally well to deduce an equation -- = -;for the propagation 
at 2 22" 

of ~va te r  vapour into tlie atmosphere. 
Temperature-height curves, similar to tha t  shown in fig. 2, mere traced for all the 

kite ascents which were iriade frorn the " Scotia," and most of them did have bends in 
them. In all cases in which it was possible to trace the air's path a bend in the curve 
was found to  correspond, either to a change from heating to cooling (or rice rer.sd) of' 
the  surface air as i t  1noved along its patli, or to a sudclen change in the rate of cooling 
when the air crosse:l the sllarply defirled edge of tlie Gulf Stream. 

In most cases the change from heating to  cooling was due to a change in the 
direction of the wincl. Cha~ig-esin wind direction occur simultaneously over large 
areas of the ocean, hence, even if the exact position of the path is not accurately 
determinecl, we may be able to obtain reliable inforn~ation ar to the tinie a t  which 
heating ceased and coolirlg began ; ant3 calculations which depend on tlie interval 
between the time of this change and the time of the Irite ascent will be more accurate 
than those ~vhicli involve the length or position of the path. 

Let us corlsider the temper:tture distribution in the atmosphere ill an ideal case so  
clloseii as to represent as i~ ra r ly  as possible the actual conditions of some of the 
"Scotia " kite ascents. 

Suppose tha t  the initial potential temperature of the  atmosphere is taken to be 
zero a t  all heights, ant1 srlppose tha t  tlro surface layers begin to be cooled a t  time 
i = 0 in suc.11 n way illat the potet~tial ielnperat~zrc 0, a t  the grouricl, z - 0, is a 
ftunctiorl @ ( t )  of the time, so tha t  8,= 4( t ) ,  
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? 1 	
= ---,dht: solutiorl of 20,md 2 0  which fits these conclitiorrs is%-

ot 2 32-

( a )  The sxrf:icc tenlpeuature decreases u ~ ~ i f o r ~ n l ya s  6 iilcrcases x i  n rate of p" C. 
per second, so that  8,= -pt. 

(6) 	Tile temperature of the snrface layers c'rlajlgrs sudclerrly fro12 i) to 8 ,  and 
af'Lermarcls remaius co:istant. 

where j = .;(27:"dt)-' arxl 4b (0represents the clxpression ill square b~acliets. 
The curve (a) in fig. 3 represent:; the values of I// for 7-nlr~esof j rsngixrg from 0 to 

2 .  11 will l)c: sCJen t1i:xt w-\\-ilr:n .= '8 the  value of xi/ it3 ~ o t ' l  of i ts  ~-alueat the 
surfhci:, ~vlierc( = 0. 
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I11 (b)  the integral becomes 

where x (0 represents the expression in brackets and [ has the same meaning as 
before. 

The curve (b) in fig. 3 represents the values of x (0 for different values of 5. It 
will be seen that  when 5 = 1.2 the temperature is about T',,t" of the surface 
temperature 8,. I n  actual cases i t  is not easy to say whether ( a )or (0) is a better 
representation of the cllanges in temperature along the air's path. In  inost cases 
probably (a )is the best, but, in one case, that  of the ascent of May 3rd, the bend in 
the temperature-height curve -\lTas due to the passage of the air across a sharply 
defined boundary between the warm waters of' the Gulf Stream and the cold arctic 
water over the great Bank of Newfourtdlnnd,% ;and then one might expect ( T i )  to be 
a truer representation of the vertical temperature distribution. In either case we 
shall not be far wrong if me assuine that  the height to whicli the new conditions 
have reached a t  time t is given by [= 1'0 or 

If  we can ineasure z,  the height of the bend in the temperature-height curve, and 
if we know t, the interval which has elapsed between the time a t  which the rate of 
change of surface temperature along the air's path suddenly altered its value and the 
time of the ascent, the equation (2) enables us to  calculate K / ~ T  or 4(zbcl). The error 
in this result may be as great as 30 per cent., but i t  does a t  any rate give a good 
idea of the magnitude of the coefficient of eddy conductivity and of the amount 
of eddy motion which is necessary in order to produce the vertical temperature 
distributions which have been observecl. 

In  some of the cases the poteritial temperature before the change which caused the 
berid in the iemperature-height curve was not constant a t  all heights. In the case of 
the upper bend in the curve sho~vl3 in fig. 2, for instance, the potential temperature 
increased with height before the arming which produced the upper band occurred. 
This, however, inakes no difference to the rate a t  which the bend is propagated 

ae z ~ d a 2 s
upwards. It is evident that if 0, and 0, he two solutions of 

at 
-= -a %, then 8,+8, 

is also a solution. If the init,ial potential ternperatlire before the change were 
8 = TO+(;(z, and if the surface temperature were to change suddenly to T, a t  time 
t = 0 ,  the temperature a t  height z a t  a subsequent time t wo111d be 

It is evident that the term 'r,+ctz does not affect the rate a t  which the bend in t,he 
temperature-height curve is propagated upwards. 

* See Reports of the 'LScotia " Expedition, 1913.' 
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I r r  Table 1 ,  tlie ralues ol' s and t observed in the " Scotia " kite nsceilts are given. 
Cn tilo first so1111nn is gireii t1:e tlnte of the ascent, i:t the secontl coluini?n tire height 
of the Lend in the teiiiperatilre-heigl~t curve, in tllc 1hir;l colnmn tlie iiiterval hetw;\iee:r 
illcl trine O F  the change it1 tile tempxttture cor~di t io~~s  ~i~llicllgivs rise to the bnr:tl in 
1\11: t~~u~?er-nt~xre-lleigllL and tlie tilnr of the ascent, nnci in the fourth coluriin curve 

:Lye gi~-en~ a l u e s  ill C.G.S. uriits, calci11ate(l horn tile ~c~lxutiou = a2/lt .of $ ( @ ~ l )  4( E d )  

2 Average , 
1, 

hours. 4 f wind forcc 1 

in  C.(:.S. ,lILiti, (Eea~ifortscnli~). 

Bugilst 4th (two bends 
350 

ill thc: tcmperatlu c-
height cnrvc) 

770 

It will be seen tha t  the values of 4 (?PC?) vary tlrrough a large range. It is to be 
expccti:d thtt  the amonlit of eddy inotioli will depei~clon the wind velocity ; accord-
ingly, a fifth colunin has I~een t~clcled to  sho~v the average m-inti force ciuring the 
h u e  t .  The figures in this colali~n are the inearis of' the 1Keai1fix-t svilicl-fhrce nuli~hr~rs 
1.ecorded a t  the "Scotia" ciurirlg a tiiile t before the ascent. I11 the case of' tlle 
ascer~t of' July 25th the  nec.essary o!~se;.vatiorrs nere il~iohtainable becalrso the "Hcotia " 
was in port till July 24th. In this case tlle win(li fhrct. recor;led by the s te~~mers ,  froin 
whose obst~rvat,ions was traced tlio path i~lollg :'wbicll the air appronc!lecl the positioii 
of the " Sc(:li:~" a t  the timr of' the kite asct.~lt of' July 25th, v:~rit.cl fro111 2 to 3 on 
the Beau-fort Scale. 

It ~ s ~ i l lbe seen tha t  f i r  the ascer~tsof' May 3rd. August 31d, nz1~1August i t l l ,  
when the ~rincl force :\-as about 3, the vali~es of $ ( 2 ~ ~ 1 )are 3'4 x 103,2'3 x lo", 2'6 x l o 3  
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and 3'4 x 10" and that  for July 17th and July 29th, when the wind fbrce was 
about 2, the values were very nluch lower, being 0.57 x 10' and 1.3 x 10"espectively. 

The fact that these figures are so consistent, although t varies f'roni 11 hours to 
7 days and 2 froill 140 metres to 770 metrc~s, seenis to indicate that  the eddy motion 
does not diminish to any great extent in the first 770 metres above the surface. 

111the first part of' this paper the vel'tical irtinsference of' heat by means of eddies 
has been discussed. For this purpose it  was necessary to consider only the vertical 
component of ecldy velocity, but in the questions which are treated in the succeeding 
pages it is 110 longer possible to leave the liorizorltal components out of' the calcnla,tions. 
Ir, secms ~iatural  to suppose that  eddies will traust'er not only the heat ancl water 
vapour, but also tlie rnoilzer~tuln of the layer in wliich they o~igiila-led to the layer 
with mtlich they mix. 111 this way therc will be a11 intercliange of' nlcinentu~n 
between the cliffererit layers. If' U, and BT, represent the averrage horizontal 
coi~iporlents of wind velocity a t  height z parullt~l to perpendicular co-ordinates ..c ancl 
y, and if' ~c ' ,  v', lu' of eddy velocity so Ihat the three coinl3or~ents represent cotlzpo~ler~ts 
of velocity are U,-t-ZL', V, t- t q '  ?P', tlien the rate a t  which x-rr~o~nerituiil allcl is trans- 
mitted across any liorizotltal area is 

a id  the rate a t  which y-monientnn~ is trn~lsferretl is . 1" ./
e 

(V; + ol)io'il.c i ly tlie iiitngrsls 

exterldillg over the area iu question. 
If' we mere to suppose that  an eddy conserves the molne~ltunl of the layer in which 

it  originated so that  U,+ 71' = U,, arid V,+ v' = V,,, where z,, is the height of the layer 
in question, -\ye coulcl obtairl the va111es of the integrals ill the same way that we did 
in tile case of heat transference. In the case of heat transference, o~ving to the small 
value of thc: ordinary coefficient of " molecular " concluctivity, the only way in virhich 
an eddy can lose its teiraperature is by rrlixture; but in the case of trsnsfkrence of 
mornentun? the eddy can lose or gain velocity owing to tlle existence of local vari:~tions 
in pressure over a horizontal plane. Such variations are known to exist ; they are in 
fact a necessary facior ix:- the production of tlisturbed rnotion, arid they enter into all 
calculatiolls respecting wave motion. W e  cannot, therefore, leave them out of our 
calculations without further considel-ation, though it ~'i~ill be seen that  they probably 
do not affect the value of'the integral (3)  when it is talien over a large area. 

Consider a particular case of disturbed motion. Suppose that the fluid is incom- 

pressible and that  the iriotiori takes place in two diinelisiorls x and z. Suppose tllrit 

originally the fluid is flowing parallel to the axis of x with velocity U, and that  the 
c 2 
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disturbance has arisen froi~l dynamic:il instability, or from clisturbances tmrisnlitted 
fiom the surface of the earth. The rate a t  ~vliicll .---n~o~ne~ltulll a layer of'leaves 
thickness dz is 

.-. " "  

p J + ) r f  l i 1d:. 
C ' Z .  u 

Rut IT, is coilatant over the p1a11e:it!/ anti sirice 'ilicre is 110 resnltnnt flow of fluid 
e a 


:~cl.oss a liorizontal plane [[iiX~,,o'rl.x~rlig= I;, ( / ij.r*fil.i*;lg= 0. 
. d  .u 

Hence, if n7e -\wite LT for the value of the expression in square I-,rscliets 

The eqllatioll of' corltilluity is 

Since the motion is corlfined to t \ vo  cfitne~lsions 

(3
---

( U, -t.ii') ---r? ~ii'= twice the vo-iaticity of tilo fluicl at the point ( , I * , y, 5).
?Z 2x 

And since every portion of' the fluid retains its vorricity througllout the motion, this 
must he equal to twice tlle vorticity which the fluic? a t  the point (z, y, z )  llad before 
the disturbance set in. This is equal to the value of' (c l IT , /d~)a t  the height, z,,,$of the 
layer fro111 which the fluid at the point (x,y, z )  originlated. If tllis value be expressed 
by the syinbol [ d U L / d z ] ,we see that  the clynainical rquations of fluid illotiori lead to 
the equation 

;,u" c'ZL'Substituting in (4) tlje values of -;;- and -i;;- give11 hy (5) and (6), we find 
r B t z 

The first term integrates and vanishes when a large area is cousiclerecl; but the 
second tern1 does not vanish. 

* xo is evideiltly a function of 1 rid i wlieri the motion is corlfiiied to two dinlensions. 
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To find the value of the second term expand [tlU,/tlz],, in po.cTTers of z,-z. 

Hence ( 7 )beconles 

So far nothing has I)lbel~ said about the inag~~itucte of the clisturl.~ance ; (8) is true 
es7enif the disturbanct~ be largo. Let us rlonr suppose that  the height, z-T,, tlirough 
which any portion of the fluid has inosed fro111 its undisturbed position is of such a 

~nagnitude that  tile change iu tlUr/clz it1 that height is sll~all colnpal-ed with cZU,/clz 
itself. I n  that  case (8) becomes 

T = CJL[[ rij (z,-z) ria: 'ly.
rlz, * "  

The rate a t  wllich x-riioment~~m 1e:tves a 1:tyer of tllickness Sx is tilerefore 

The effecb of the disturbance is therefore t o  reduce the rr-monlelitum of a llorizontal 
?IT
layer of thickness Jz a t  rate p Sz x [average value of ( z , , - z ) ]  per unit area. 
c:zL 

The same effect would be produced 011 a layer of tllicliness Sz by a viscosity equal 
to p x average value of fu' (z-z,) if' the motion had not been disturbed. If, some tii~ie 
af'ter the disturbance has set in, all the air a t  any level ~liixes, no change will take 
place in the average nlornentuni of the layer. Deviations fiom the mean velocity of 
the layer will disappear, arid the velocity will be horizontal once more and uniform 
over any horizontal layer. When, therefore, we wish to consider the disturbed niotion 
of layers of air, we can take acco~xtrt of the eddies by introducing a coefficient of eddy 
viscosity equal to  p x average value of ?cr(z-z,), and supposing that the motion is 
steady, z-z, is the lieight through which air has moved since the last i n i x t ~ ~ r e  took 
place. 

As before in the case of the eddy conduction of' heat, we can exprcss the average 
value of I,U' (z-zo) in the forin (ad),where (1 is the average height through which an 
eddy moves before mixing ~14th its surrountlings, and TO roughly represents the average 
vertical velocity in places wliere is positive. It will be noticed that  the value we ttl' 

have obtained for eddy-viscosity is the same as that  which we would have obtained 
if we had neglectred variations in pressure over a horizontal plane, and had assumecl 
tliat air in disturbed motion conserves the monientuin of the layer from which i t  
originated till it mixes wit11 its new surroundings, just as it  coriserves its poterltial 
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teinperatilre. MThether this result is true wl-len the tlisturbance takes place in three 
dimensions, I have been unable to discover. 

If i t  is true, there is a relation , ~ / ~ r r= /Lip = ( E d )between K the eddy conductivity 
and ,u the eddy T-iscosity ; if any nlettlod of detlucing ,u from meteorological dl~sery-a- 
tions could bi: huncl, it would he possible to \-erify t i l e  rolatioil i-tulnerically. 

W e  may expect to disce~n the effeci of ciltly viscosity in cascs ml-iere the wind 
velocity cl?al~ges ~ ~ 4 t h  cluo t o  ecltly -viscosity prevents the altitude, arid wlrere the i b ~ c ~  
mind frolri ttttairiing the velocity \\-hich we sho11lJ expect on nccourlt of the presslure 
distribution. These conditions arise near the snrf;xce of the c:trdh. Tile velocity and 
directiorr whicl-i we silou!d expect on accot~nt of the 13~essurp distribution, are called the 
gradierlt velocity and the gradierlt clireciion. I n  general, tile wind near the grouncl falls 
short of tl-ie graclient velocity by about 40 per cent., atlcl the clirectior~ riear the ground 
is abo-r~t20 degrees from the gradien!, ilirectlorl, At  a Ileigllt which varieb oil lallcl 
frorli 200 to 1000 mc-tres the wintl be::o~nes eclu,~l Lot11 i n  y;elocit,y a11c1 iu diiaection to 
tile grtidient wind. 

Let us consider the rnot,io~l of air O Y C ~ihc ~ltrtll 's  S ~ I ~ ~ ~ L C C ~the action of x~ l r l c l t ~  

constant pressure gradient G actirig in L1:e dirt>ctioit of axis of"!/. The equations 
of rx~otioas of an irnco~npressible~~ fll~itl are-;- visco~~s 

where 'CL, I * ,  11' a r ~coinporlet~tsof velociiy parallel to ille co-orclinates , I*, y, z : p is the 
pressure, allcl X, Y ,  Z, are the components of the exteis~ial forces 011 ~rni t  Inass of ti1r3 

fluid. 
'rl-le forces nctiilg are ilie force due to tlle eal-tilts rotatior1 and  gravity. 
Helice 

X = -2w7- sill h 1where w is the angular 1-elociiy of' tlie 
Y = 2 w u sill X 

earth's rotation arltf h is the istit ude. 
Z =  - y  J 


Tlle pressure is given by p = const,artt -gpz+ Gg. 


* The atmosphere is not incompressible, but compressibility 1n:~lres no difference in the prosent 
instance. 

f See Lamb's ' Hydrodynamics,' p. 338. 



G. I. TAYLOR ON EDDY MOTION I N  THE ABTMOSPIIFRE. 

If we assume the rriotion to toe I~orizo~ttnlequatiorls (9) become 

G (l"v
0 = - 2 w l l  sin X - -i-- . . . . . . . .,, ,, rlz" 

Eliniitriiti~rg7 (  tlie ecyilation fbr 71 k)econ~r:s 

2 w p  sin X-\\here 2R' == 

Taking into corrsitfer;ttion the fact that does riot becon~e infinite for infinite values 1 7  

of z,  the solt~tioli of' this is 

( 7  == A2e-"' sin Bz+A,e-"' cos Rs. . . . . . . . (12) 

L)ifferentiati~lg tltis t~\- ice with respect to z we firlcl 

c~= 2RV(-A2e";cos Bz+A,i.-"' sin 13~). 
t12" 

Substitutiiig this value it1 (11)we firitl 

The quantity -(2 or -- -.-isG the gradient velocity, so that a t  great heights, 
2,BL 2 w p  sln x 

v = 0 and t~is equal to  the gradient velocity. 
The values of A, and A, will be found by imposing suitable boundary conditions. If  

there is slipping a t  the earth's surface it seems natural to assume that  i t  is in the 
direction of the stress in the fluid. I n  this case one boundary condition will be 

Where the square brackets are intended to show that the values of the quantities 
contained in tlieln are t o  be taken a t  the surface of the ground, z = 0. 

Xubstituti~lg for / I ,  i-, i l ? ~ / d zarid di-Id;, and puttillg 2 = 0, equation (14) becoines 

where (2, represents tile gradient velocity. 
In order t o  determine the motion completely orie Inore relation between A, ar?dA, is 

necessary. Let the wirltl a t  the surface be de-c~iated tliro~xgh an angle cc frolrl the 
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gradient wi i~d  in sucll a wny tliat if one stalicls fjcing tlle surface wind. the gradient, 
wisld will be co~iiing fi-om the right if a be positive. 

Then 

Solving (15) and ( I  G )  fbr A ?  nlld A, 


--tall a ( I  + l a n  a ) 
-1,= ---- QL ,I +tan' a 

-'" 
\ atali a ( I  -t:in uj2+ (1-tno a)', 

1t tan'ol 

or 
aQs = CJa (cos n- sin a). . . . . . . . (17) 

It is iuteresting to colnparc tlle valucx gircxn hy ( I  7 ) f;)r the ratio of Qs to  (JG with 
the value, cos cc, given by GITI,DHERG ' for t l ~ e  sairle ratio, anti wit11 the an13 110~s 
most recent ohservatio~is of ~viird velocit,y a t  diff'erent altitucies abol-e tl-te surface of 
the earth. 

Mr. G. M.B. DOI~SOX Central Flying School a t  Upttvoxz 11:ls recentlyof' the 
Ix~hlished*i-the results of' a i~umber of observ:rtions matic by ~neairs of pilot balloo~ls 
over Salisbui-y Plai i~,  which is an excellent place fbl.slxcll ol)ser-\.;ttions on account of 
its open situation. H e  finds tha t  cc is sll~aller thr liglit wintls than lor strong m~inds, 
ant1 he accordingly divides up  his ascents into tltree classes, tliosr which took place il l  

light winds, when tlle velocity of the wirid a t  a heigllt of 650 lrretres is I~elom 4'5 

metres per second, those in moderate winds b e t w e ~ n  4'5 ,211~11 3  metres prr srcontl, 
and those in strolig winds ahove 1%metres per second. 

The comparison is sllo\\rn in Table 11. It nrill be see11 that  the ol)serrecl de~ ia t ion  
of tlre surface ~visl~l  fiom the gradient direction agrees nell l ~ i t l r  tlle theory n7e haye 
bee11 cortsicterirlg, but  not ~h-itll the tlleory of GUI~DBEIZGand h lorn .  

The agreement bet~veen theory and obser~at ior~is, I~owever, more striking in 

allother respect. Tlie deviation of' the direction of the wind a t  any height fi.0111 the 

* ' Studies of the Jfovements of the Atmosphere,' 1883-85. All English translation appears ill 

"The 1\Iechanics of IZB~:I: ; 'Smitllsonian Rliscellaneous Collec-the Earth's Atmosphere," by CLEYILLAND 
tioi~s,)1910. 

'Quiwterly Journal of the Royal Bleteorological Society,' April, 1014. 
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gradient direction is due t o  the retarding of the wind velocity below the gradient 
velocity by friction or by viscosity. One n igh t  expect, therefore, that  the wind 
would attain the gradient direction a t  the same heiglrt as the gradient velocity. This 
would, in fact, follow from the theory of ( ~ J L D D J C R Gand MOHN. Most observations 
have failed to give reliable irlforination on this point, partly because irregularities on 
the surface of the earth have introduceti complicated conditions, which cannot be 
taken account of: and partly because the obse~vations have not been grouped according 
to the wind velocity.*' Neither of these objcctiorls applies to Mr. .DOBSON'S observa-
tions. Salisbury Plain, though inferior t o  the sea, is as good a place f o ~wind 

I 
1 	 Light winds. Moderate winds. Xtrorlg winds. 
I
I - - .--_ --	 -

1 Observed value of 9Q . 
QG 

1 Observed angle a. 
II 13 degrees I 214 degrees 20 degrees 

I1 a,	calculated from (17) so I1 I 
as to correspo~ld with I 

the observed value of 1 1 4  degrees 1s degrees 20 degrees 

i 

i a, calculated from GULD-' I 

BERG and R~oHN's I I

theory so as to corre- 44 degrees 1 49 degrees 1 52 degreesspond with the observed 

value of Q5- . 	 I1 I 
QG i 	 I 

observations near the surface as one could find on lalid ; and as has been explained 
already, his results are grouped according t o  wind s7elocity. Mr. DOBSONfinds that  
the gradient direction is not attained till a height is reached which is more than twice 
the height a t  which the gradient velocity is first attained. H e  remarks, in fact, that 
the gradient velocity is usually attained a t  a lrleiglit of' 300 metres, though the gradient 
clirection is not found till a height of 800 metres has been attained. This is a most 
renlarkable result, but i t  might have been expected frorn the equations (12) and (13). 

The height a t  which the gradient direction is attained is given by putting P = 0 in 

(12). If H, be the height in question 

A, sin BH, + A, cos BH, = 0 

* Owing to the fact that p/p depends on the wind force we should evidently expect more consistenf, 
results when the observations are groupecl according to wind velocity. 

VOL. CCXV.-A. D 
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so that 
A

tan IBI-I, -4 -= 
A, 

Rubsti-i,utiiig for A, and Ai their values in ternls of a 

tan BK, = --- i -tan a . . . . . . . (18)
I-: tan oc. 

Since cc is positive and less than the smallest positive value of R, is given 1,y 
4 

The heighb TIR,at  whicl-i the -cvlnd velocity first becomes equal to the gradient 
velocity is given by zs2+ t r =  QG2. Tliis reduces to 

(I+tar1 a )cos BI-I, - ( i  -tan a )  sin BEI,e-1311> = _- - -.- _ . _- -__ -
s e a . . (20)

"rll a 

Eqixation (20) can be solved so as t o  give tan a ir-r terms of BH,, and ~vl~erl  seT-eral 
corresponding values of' a and BE& have been ohtnjned BII, can be obtained by 
i~lierpolationin terms of a. In  Table 1x1.are show11 the values of BETl and BH, and 
Hl/E, corresponding to vahles of a fro111 t, to 45 degrees. 

It appesrs, therefore, that K,/E12yarics from 3 to 2'2. 

Mr. doe so^ gives -800 metres 
= 2'66 as the observed value of R,/H,, and his values 

300 metres 
of rx all were about 20 degrees. It is probably a coinciclence that the observed ratio, 2'66, 

sl~ould he so very close to the calculated ratio 2.6, but the coincidence is a t  least, 
significant. 
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I n  order more easily to compare the tileoretical results with the observations the 
curves shown in fig 4. have been prepared. Fig. 4 shows the may in which wind 

velocity and direction vary with height in the theoretical case we have been con-
~idering when cc = 20 degrees, Fig. 5 is reproduced by pern~ission of Mr. DOBSON,It 

D 2 
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represents the observed velocity and clirection of strong winds a t  different heights. 
In  each of the figures the curve on the right represents rle~iintions from the gradient 
direction, which is sho~vn as a vertical line. The curve on the left represents wind 
velocity a t  different heights. 

It will be see11 that  there is good agreement 1)otwc:en tile two sets of curves. 
Strong winds 1la1.e been chosen hi.the comparison in preference to light winds, 
because it  is less liliely that  heat-couvection currents will persist through such a 
clist;tnce before n~ixing takes place, as to prevent tlie rrsistance, duc to eddy nlotion, 
from obeying the ordinary laws of viscosity. The olr~served curves for light winds, 
honrever, agree as well with the theoretical curves as those for strong winds. 

Besides the va~.ious points of resemblailce already rroticed between theory and 
observation, an inspection of tho curves in figs. 4 and 5 reveals get another. 
,4bove the height a t  which the gradient direction is attained the wil~tl goes on veering 
slightly up to a certain height, mrheil i t  begills to return again to the gradient 
direction. The wind is again blowing along the gradient direction a t  a heigllt 
slightly less than twice the height a t  which it  first attained it. Nearly all the curves 
in Mr. DOHBON'Spaper have this characterisl,ic sinuosity, but they are not the only 
ones which show it. Mr. J.8.DISES, in his Third Iteport to the Advisory Cornillittee 
for Aeronautics (1 912), has publisl~ed a number of cul-ves milich exhibit the same 
sort of sinuosity. The theoretical curve, fig 4, has the same characteristic. The 
successive heights R,, HI,, H1',, ... a t  vhich the wind blows exactly along the gradient 
direction are given by the solutiorls of equation (1 8). 

3a
W e  have already obtained the first solution, namely BH, = -+a. 
4 

3'TThe others are BH1,= -+%+a, RH", =*+ a + ~ r r a n d... .
4 4 

H' -I.('77r)+aTlie ratio of the first two i s 1  = 
H, +(3'T)+a' 

When a = 20 degrees this is equal to 2' 16. 
In the case of strong winds i t  mill be seen horn fig. 5 that  the observecl values of 

41, and IT', are 900 metres and 1750 metres. Hence the observed value of Ht,I1-I,is 
I '95. Tlie good agreement b e t ~ ~ e e n  the observed and calculstecl values of H1,IIT is 
possibly a coincidence, but i t  is interestirrg to notice that, on theoretical grounds, 
we should expect a sinuosity in the curve the direction of the wind 
a t  various heights when it blows under the action of' a constant pressure gradient, 
and that  such a sinuosity is :zctually observed. 

The close agreement between theory and observatioii is evidence that  the 
assuiiiptions made in the theory are correct. I n  particular the eddy motion does riot 
diminish niucll in the first 900 metres. 



C;. I. TAYLOR ON EDDY MOTION IN THE ATMOSPHERE. 

W e  have seen tha t  

RH, =-3a +a.
4 

If: therefhre, ~ 7 e  can measure a and H, we can calculate B. The commonest value 
for a on land is 20 degrees, irl fact, for all except light winds, i t  is near to 20 degrees. 
I n  the kite ascents on the "Scotia " the wind usually veered two points (22* degrees) 
in the first 100 or 200 metres and after tha t  remained constant in direction a t  greater 
heights. It appears, therefore, tha t  on the sea also a is about 20 degrees. Assuming 
then tha t  ~ r ,= 20 degrees, we see from Table 111. tha t  BH, = 2'7. 

Substituting for B its value 

we find the following relation between H, and the eddy viscosity 

p - sin AH , ~ w-

P - (2'7)2 ' 


But w, the angular velocity of the earth, is 0'000073 ; and in latitude 50 degrees N., 
which is the latitude of" the South of England and also of the northern portions of the 
Bank of Newfoundland, sin A = 0'77. 

Hence for those regions = Hlzx0'77 x lo-'. 
P 

On land, in the case of the strorig winds,* H, = 900 metres, hence 

= 62 x 10"n C.G.S. units ; 
P 

for moderate winds,* 

H, = 800 metres and p/p = 50 x l o 3; 

and for light winds," 

H, = 600 metres andplp  = 2 8 x  lo3. 

A t  sea,? in the regioiis to ~vhicli the "Scotia's " cruises were confined, H, commonly 
lay between 100 metres and 300 metres so tha t  lay between 0'77 x l o 3  and 

6.9 x lo3. 

* See Mr. DORSON'Spaper, loc. cit. 
t Assun~iilg that the wind had reached the gradient velocity when it had, practically stopped veering 

with increasing height. 
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Except fbr the kite ascent of July 17th, 1913, the values of K / ~ Twhich, as TVRS shown 
on p. 14, should be equal to lie between these values.* It is unfortunate that  the 
lack of skilletl assistance in flying the kites from the " Scotia " prevented me in most 
cases from being able to get si~nultaneolxs values of K I p T  arid For the kite ascent 
of Alxg~xst 2nd, however, I have the following observations :-At 350 feet the wind had 
veered one point from the surface wind. At  770 feet the wind had veered two points 
from the surface mind, and a t  all greater heights the veer was two points. It seems, 
therefore, that a t  770 feet, i .e. ,  230 metres, or a t  some less height, the wind had 
attained the gradient direction, so the lay between 0'77 x (23,000) '~lo-' or 
4'0 x 10"nd 0'77x 10" On referring to Table I. i t  will be seer1 that the value of 
K I P r  on that  occasion was 2'5 x 10" These results certainly tend to confirm the 
theoretical deduction that  K / P ~= but more evider-rce is wanted before the point 
can be regarded as finally settled. 

On p. 13 i t  was shown that  i ( 2 ~ ' d ) . The size of the eddies, which produce the = 
effects we have been considering, are evidently governed by cl. W e  may say roughly 
that cZ is less than the average diameter of an eddy ; if therefore me could iileasure G, 

we should be able to determine the size of the eddies. Now Mr. J .  8. DINEShas made 
a large nui~iber of observations of small vertical gusts with tethered balloons. On 
p. 216 of the Technical Report of the Advisory Coinmittee for Aeronautics is shown a 
trace which represents the vertical con~ponent of the wind velocity a t  any time during 
a, certain interval of five minutes, on January 19th, 1912. The average ~vincl velocity 
during the interval was 7 metres per second ; and I find from the trace, which Mr. DIXES 
says is typical, that  the average deviation from the mean vertical velocity (the mean 
wind was not quite horizontal) was 25 cnl. per second. W e  may take this as a. 
Assuming that  the gradient direction was attained a t  a height of 800 metres the 
value of +(ad)would be 50 x l o 3  or Gd = 10' approximately. 

Hence 

d = 10' = 4 x l o 3  om. = 40 metres. 
25 

The wind was blowing with velocity 7 metres per second so that i t  would cover 
7 x 60 = 420 rnetres, or about 10 times cl, in a minute. If  the vertical arld horizontal 
dimensions of an eddy are about the same, this would mean (since d is less than the 
dislneter of an eddy) that rather less than 10 eddies would pass a given spot in a 
millute. On examining Mr. DINES'trace it  will be found that  there are roughly 
about 6 peaks per minute on the curve representing vertical velocity. 

These calculatiolls are very rough, but they do show at  any rate, that actual 
observations of eddy motion do not involve anything that  is contrary to the 
assumptions on which the theory contained in this paper is based. 

* See Table I. 
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The equation (8) throws a new light on the much discussed question of the stability 
of the laminar motion of an inviscirl fluid. 

Lord RAYLETGI~ has considered the stability of a fluid moving irl such a way that U, 
the undisturbed velocity, is parallel to the axis of x ancl is a function of z. Isis method 
is t o  impose a small disturbing velocity of a type which is simple hamionic with respect 
t o  x, satisfies the equations of motion, and contairls a factor eW"t He then discusses 
the conditiorls under which 7% may be complex. If 7% is not complex the motion is 
stable ; if n is complex the wlotion is exponentially unstable. 

Perhaps the most important result of Lord RAYLEIGII'S irlvestigatiorl is the conclu- 
sion he arrives a t  that if dUUjcZz2 does not change sign in the space between any two 
hounding planes, unstable motion is impossible. A particular case of laminar motion 
in which clLU/c2z%as the same sign throughout the fluid is that  of an inviscid fluid 
flowing with the same velocity as a viscous liquid ilzovirlg under pressure between two 
parallel planes. I n  this case, therefore, unstable motion should be iinpossible. 
OSEORNEREYNOLDS,however, working in an entirely different way, has come t o  the 
conclusion that a viscous fluid moving between parallel planes is unstable if the 
coefficient of viscosity is less than a certain value which depends on the distance between 
the planes and on the velocity of the fluid. REYNOLD'Sresult is in accordance with 
our experiinerltal knowledge of the behaviour of actual fluids. 

It is evident that  there is a fundainental disagreement between the two results for, 
according to REYNOLDS, the more nearly inviscid the fluid, the more unstable it is 
likely to be ; while according t o  RAYLEICHinstability is impossible when the fluid is 
quite inviscid. 

Various attempts have been made to find the cause of the disagreement, but none 
of them appear t o  have been very successful. 

The object of this note is to show that equation (8) may be used t o  prove the truth 
of Lord RAYLEIGH'S result for the case of a general disturbance, not necessarily harn~onic 
with respect to x ; and t o  show also that  i t  may be used to assign a reason for the 
difference between I~AYLEIGH'S results.and REYNOLDS' 

Starting from the principle that when an illviscid fluid in laminar motion is disturbed 
by dyuamical irlstability, each portioil of it retains the vorticity of the layer from which 
i t  started, it, was shown* that the rate a t  which momentum parallel t o  the axis of' x 
flows into a slab of area A and thickness Sz is :-

the integrals being taker1 over the area A. 

* See p. 13. 
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This expression is true for all ciisturbances, however large, but when the distance 
z,-z  is small the first terrli only is of importance. Sow it  is evident that  w is related 
t o  x u - x  by the relations 

If u, zu, and x,-z are small, this is equivalent to 

Hence 

Now when a large area is considered - z , - z )  ds.dy integrates out and vanishes. IS, ,",( 
Hence 

It appears therefore that  the rate a t  which the x-momentum in the slab A 
increases is 

Integratirig with respect to  t we find that  the difference between the momerltum 
in the slab A after and before the disturbance set in is 

Lord RAYLEIGH Irr thehas pointed out that  i t  is difficult to define instability. 
present case tlie motion will be held to be unstable if the average value of the square 
of the distance of any portion of the fluid frorn the layer out of which the disturbance 
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has removed it, increases with time. This evidently includes the case of exponentially 
unstable simple harmonic waves. 

F * 

In  unstable motion therefore 
dt
d!J 

lr 
(z,,-z)~ d~ dy must be positive. 

Hence the rate a t  ~vlzich x-monzenturn enters the slab A is positive or negative 
according as d2U/dz2 is positive or negative. In  an unstable disturbance of a fluid for 
which d2U/dz"s everymrhere positive the rrloinentum of every layer must increase. But 
if there is perfect slipping a t  the boundaries no mornerltum can be corninunicated by 
them. Hence, as there is no other possible source from .i\-hiclz tlie inoinentum can be 
derived, instability cannot possibly occur. The argument applies equally well if 
d2U/dz2 is everywhere negative. Lord I~ATLIZIG~I'B aresult is therefore provecl for 
generalised disturbance. In  a case where d"/dz2 changes sign a t  some point in the 
fluid any disturbance reduces the 2-momentum ill a layer tvhere d%/r?z2 is negative, 
while i t  increases the x-momentum in layers in m~hich cZ2U/dz5s positive. A type of 
disturbance which removes x-momentum from places where dLTJ/clz2 is negative and 
replaces i t  in regions where dTJ/dx2 is positive, so that  there is no necessity for the 
boundaries to contribute, may be unstable. 

NOT-^ consider m~liat modifications must be made in the conditions in order that  
instability may be possible in the case where d2U/dz2 is of the same sign throughout 
(say negative). Suppose that  instability is set up so that  x-ilzoinentum flows outwards 
from the central regions as the disturbance i~icreases. The amount of 2-molilentum 
crossing outwards tomarcls the walls through a plane ~erpendicular to the axis of 2, 

increases as the walls are approached. In  order that instability niay be set up this 
mornentuni must be absorbetl by the ~valls. There seems to be no particular reason 
why an infinitesimal arr~ount of' viscosity should not cause a finite amount of rnolnerltum 
to be absorbed by the walls. 

In  connection with this two points sllould be noticed. Firstly, the momentum is 
orlly coinmunicatecl to the walls while the disturbance is being produced. The tiitle 
necessary to produce a given disturbance may increase as the viscosity ciirninisl~es. 
Experimental evidence, however, does not suggest that this is the case. 

The secontl point is suggested by the conclusion arrived a t  on pp. 11-22, that  a 
very large ainount of' rnomentum is cornmuilicated by nieans of eddies from the 
atinosphere to the ground. This rnomentum must ultimately pass from the eddies 
t o  the ground by means of the almost infinitesimal viscosity of the air. The actual 
value of the viscosity of the air does rlot affect the rate a t  which momentum is 
communicatecl to the ground, although i t  is the agent by means of which the 
transference is effected. 

I n  any case it is obvious that  there is a finite difference, in regard to slipping a t  
tlie walls, between a perfectly inviscicl fluid and one which has an illfinitestimal 
viscosity. The distribution of velocity acquired by a viscous fluid flowing between 
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parallel planes a t  which there is no slipping is possible for an inviscid fluid when 
there is perfect slipping, but is impossibl~ as EL steady state for a-n infinitesimally 
viscous fluid which slips a t  the bounclaries. 

The finite loss of' ~nomeniuin a t  the ~ ~ ~ 1 1 s  due t o  an iiifinitesimnl viscosity may be 
cornpared wit;ll tl:e finite loss of energy tine t o  an infqnitesimnl viscosity a t  a surface 
of discontinuity in EL 

If these views are correct we should expect that  Lord RAI~LEIGI~'S result would 
not, apply when there are no boundiiig planes arltl space is filled with a fluid in which 
rl'?J/tkz2 is everjrwhere positive ; for, in that  case, there would be nothing to prevent 
a positive amount of x-momentum from being comrilullicated to every portion of the 
fluid, provided the  disturbance increases indefinitely for infinitely great values of 2.  

Ti1 obt:ziaing his result Lord I~AYTACIGEIassumes that, if there are no  bounding planes, 
?(! = o a t  infirlity ; t  it  does not apply therefore to the case just col~siderecl. 

The corlclusion arrived a t  is that  the discrepancy between I~AWLETGII'Sand 
REYNOLDS'res~~l'cs is due to  the fact that  the perfect slipping a t  the bound;;r.ies 
assumecl. in RAYLEIGEI'S work prevents the escape of the momentum 13-hich is a 
necessary accompaniment of a disturbance of a Auid for ~vhich tlTJ/tT:5s everywhere 
negative. Tlie complete absence of slipping assumed in EXYNOLDS' enableswork 
the necessary amount of' lnornenium to escape, and so a type of disturbance may 11e 
produced ~vhich is dynamically impossible urider the contlition of l~erf'ect slippi~lg a t  
tlie boundaries. 

* See Coilditioris Necessary for l>iscont inuo~~s 'Roy. Sot ,  Proe.,' 1910, Motion in Gase~,"TAYI,OR, 
A, vol. 84, p. 3'71. 

4 ' Phil. Mag.,' 1-01, 26, 1913, p. 1002. 


